Unit 4: Solve literal equations by changing
the subject of the formula

Mathematical and scientific formulae are examples of literal equations.

Area of circle:
A =nr? (where A is the subject of the formula).

Changing the subject of the area formula gives us:
r= \/% (where 7 is now the subject of the formula).

Circumference of circle:
C = 2nr (Where C is the subject of the formula).

Changing the subject of the circumference formula gives (is:
r= ECE (where r is now the subject of the formula).

Literal equations have one (or more) unknown constants, such as r. The solutions are

not numerical because of the unknown constant(s). Below are three variations of the
same formula:

o A=1xb-used-te determine the area, if the length and breadth are known.

e b= ZA —used to determine the breadth, if the area and length are known.

o /= % - used to determine the length, if the area and breadth are known.

If the area is given by A = 30 m2 and the length by I = 10 m, then:
I,'l — A

I
=30
~ 10

=3m

Now consider the simple interest formula 4 = P(1 + in) that is used in financial
mathematics:

® A - the amount of money the investment will be worth in n years’ time.

¢ P-the amount of money at the start of the investment.

® i-the interest rate as a decimal (that is, if the interest is 12,3%, then i is 0,123).
¢ n-the number of years for which the money is invested.

If you are given the values of P, i and 1, you can change the subject of the formula
to find the value of A. In order to find P, i or n, you must change the subject of the
formula as needed.

To find P, change the subject of the formula to get:

A=P(1 + in), thus P= —4
1+ in.

To find i, change the subject of the formula to get:

A=P(1+in) =P + Pin, thusPin:A-Pandi:AT;P.

To find n, change the subject of the formula to get:
A =P+ Pin, thus Pin= A - P and n =%.

\<\|/ radius

7 0
A

.

|
circumference

A circle

|
| KEY CONCEPT

| ‘Solve for ' means |
| that you need to

| maker the subject |
| of the formula.
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WORKED EXAMPLES

1. Solveforr, if V= %nrzh (the formula to determine
the volume of a cone).
h - the height of the cone.
r — the radius of the circular base.
V — the volume of the cone.

2. Make [ the subject of the formula, if T = Zn\g.

T - the time taken for a pendulum to complete one swing.
I - the length of the pendulum.
& — acceleration due to gravity.

SOLUTIONS

1. V= —nrzh

3V = nr2h —» Multiply both sides by 3.
3V nr’h
nh

_3V
T mh

—= Divide both sides by nh.

r2

2, T=2n\[§

= \/—z’g-——» Square root both sides. T\
|
|
I
n \j‘ ———+ Divide both sides by 2. |
I

e A
l \/ —-—»Square both sides. S SR s S

~ -
~— l -

iidh L A pendulum, where Iis
4n*> & its length \
T?g
i= i Wl Multiply both sides by g.
Tt

EXERCISE 10

In each of the questions below, make the letter in brackets the subject of the formula.

1. ax—-kx=3 ™)
2.d=sxt ®
3. pX*-qx*=4p-4q,p+q )
4 W=fd ")
5. F=qvB (B)
6. W=I%Rt (I>0) )
7. V=mnr2h o)
8. mx2-nx2=t ()
9. n= % (m)
10. V=nr?h (h)
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®

P=3;—_'
E=5 @
mx-nxl=n’>-m?, m=+n 9}
ax—-a-bx+b=0,a=b (x)
'pvsnRT (R)
=1 V)
p=2(+Db) (b)
[=% ®)
p=" )
P=£ )
- M)
Ckx-k=x*-1 9
.W=% (V>0) W)

3.

EXERCISE 11

Consider the formula V = u + at.

a) Make g the subject of the formula.

b) Hence determine the valueof g, if V=75, u=15and t= 5.
Consider the formula % + % = %

a) Make f the subject of the formula.

b) Hence determine the value of ¢t, if s = 3,75 and w = 1,25.
Consider the formula A = P (1 + in).

a) Make i the subject of the formula.

b) Hence determine the value of i, if A = R13 000, P = R10 000 and 7 = 3.

Consider the formula A = P(1 + i)".

a) Make i the subject of the formula.

b) Hence determine (correct to 3 decimal places) the value of i,
if P=R13 000, n = 6 years and A = R24 983,42.

- Consider the formula S, = g(Za + (n-1)d).

a) Make d the subject of the formula.
b) Hence determine the value of d, if S,=5150,a=>5and n=>50.

The surface area of a right cylinder is given by the formula A = 2nr(r + h).

a) Make h the subject of the formula.
b) Hence determine the value of h, if A = 520x units? and r = 13 units.

. The volume of a sphere is given by the formula V = %nrg.

a) Make r the subject of the formula.
b) Hence determine (correct to 2 decimal places) the value of 7, if
V =4 188,79 units3.

A sphere
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8. A pyramid on a square base has a:
e total surface area given by A = b? + 2bs.
e volume given by V= %bzh.
Determine the:
a) height (h) of the pyramid in terms of V and b

b) side of the base (b) in terms of V and h
¢) slant height (s) in terms of A and b.

A pyramid 9. A cone with radius (r), height (1) and slant height (s) has a:
e volume given by V = %Tt r2h

e total surface area given by A = nr(r + 5)

e slant height given by s? = h? + 12,

Use the formulae to determine:

a) h (the height of the cone)

b) r (the radius of the circular base) in terms of Vand h
¢) s (the slant height)

d) r (the radius of the circle), if s = 50 cm and h =48 cm.
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Unit 5: Solve linear inequalities

Wwhen you solve equations, you can expect to find one (or more) specific solutions.
2x - 10 = 0 is a linear equation with exactly 1 solution, x = 5.
%2 - 5x - 6 = 0 is a quadratic equation with 2 solutions, x = -1 or x = 6.

[nequalities often have an infinite number of solutions. This makes it impossible to
state each solution individually.

x+7>10,xeR
By > 3

This is a linear inequality with an infinite number of solutions.
x can be any real number greater in value than 3.

Shown on a number line, the solution is:

| | | ! t —— }

-1 0 1 2 3 4 5 6

=
-3

The solid red line indicates all the numbers greater than 3. The open circle on 3 shows
x = 3 is not a solution. 3,24 and irrational numbers, such as V11 and 4,235... are
solutions to x > 3.

x+8<13,xeR
Ex<5

This is a linear inequality with an infinite number of solutions.
X can be any real number less than or equal to 5.

Shown on a number line, the solution is:

| KEY WORDS

real numbers, x ¢ R:

s X can be rational or
irrational

o x cannot be undefined

« x cannot be imaginary.

integers, X ¢ Z:

natural numbers, x ¢ N:
xe{l;2;3;...}

whole numbers, x ¢ N
xef0;1;2;3; ...}

xef{.;-2,-1,0;1;2; ...

v

‘I __} | L | | ] - L
-2

-1 0 1 2 3 4 5

5 has a solid circle because x = 5 is a solution.
V7; V13; 0,47...; %— are a few of the possible solutions to x < 5.

Inequalities are affected by multiplication (or division) of negative numbers.

Consider -3 < 2 < 5. Do you see that, if you multiply (or divide) by -1, without
switching the inequality signs, you get 3 < 2 < -5. This makes no sense as 3 > 2 and
2 2 -5, so you must switch the signs, which gives you 3 > 2 > -5. '

Adding (or subtracting) equal amounts on both sides maintains the relationship:
-4 < 2 and adding 4 to both sides gives you-4 + 4 <2 + 4, thus 0 < 6.
-4 < 2 and subtracting 5 from both sides gives you -4 - 5 < 2 - 5, thus -9 < -3.
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WORKED EXAMPLES

For each of the questions below:
a) Solve for x.
b) Show your answer on a number line.

. 3x-5<2x+1landxe
. 3x-5<2x+1andxeZ
3. 3x-5<2x+1landxeN

DN ==

SOLUTIONS

1. @) 3x-5<2x+1
3x-5+5-2x<2x+1+5-2x

SX<6
1. b) f_ d hemdssmen D —>
SN () 2 4 6
2. a) 3x-5<2x+1

3X-5+5-2x<2x+1+5-2x
Sx<6andx e i5; 4; 3; ...}

2.b) «e—2—4 4 4 4 4 4 >
-1 0 1 2 3 4 5
3. a 3x-5<2x+1
3X-5+5-2x<2x+1+5-2x
Sx<b6andxell; 2; 3; 4; 5}
3. b) «— TS
X 0 1 2 3 4 5

KEY CONCEPTS

XeR

XeN
You list the numbers.

1

If X is any real number:
You cannot list the solutions.

The number line will be shaded with a solid line.
If X is a natural number:

You use dots on the number line.

If X is a whole number:
X e No
You list the numbers.

If X is an integer:
XelZ
You list the numbers.

You use dots on the number line.

You use dots on the number line.
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SEXERCISE 12

solve for X and show your answer on a number line:

6x-11<2x+7andx e R
X_423x+2andXGlR
4_zxgx—2andx€l
3y+2>5x+7andxeN
gx-3<2x-1landxeR

7% -2(3-2x)>5(x~3)and xe N
2(4-3x)220and x e R

g 5x-2(x-3)<x+2andxeZ

115
2.
3.
4.

5.
6.
7

Inequalities with fractions
It is easier to multiply each value by the LCM of the denominators.

You switch the inequality sign, if you multiply or divide by a negative.

WORKED EXAMPLES

Solve for x, if XES =13 ,3%+5_ 73nd x e R. Show your answer on a

6 4
pumber line.
SOLUTION
L N Sx-13 . 3x+5 _
:—'-2——— é > 7 7
Tlhie LCM of the denominators is 12.
12  x-5 12  5x-13 12 _ 3x+S5 12 _ 7
I g e SR R SR RO |
6(x-5)-2(5x-13)>33x+5)~84
6x-~30-10x+26>9x+15-84
6x-10x~9x>15-84+30-26
S.~13x >-65
LX< 35
E -1 0 1 2 3 4 S5 6

EXERCISE 13

Solve for x and show your answer on a number line.
1 X—%EZ,S +%xandXEZ

2. 3x+1 _

XL Xx+12
5 32 i3 and x e N
3‘ 3)‘4\—2_6;)(<4andXGR
3
4 3x-1_3-x_ x
5 3 <12+2andXGR
--—-—__
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You can also solve inequalities with two inequality signs.

IRNORKED EXAMPLES

-2 < x <5 tells you that x lies between -2 and 5. x cannot be -2, but it can equal §,
On a number line there will be restrictions on both sides.

S e S

-2 5

Represent each number line below in both inequality notation and interval
h‘_oration.

] ! i : !
1 éé\;fl ¥ —— ;; 2. @_H*hﬁa@_]_é

2
SOLUTIONS

WORKED EXAMPLES

]. inequality notation: -3 < x < 4, xecR
1. -16<2-6x<22 and x ¢ R 2. inequality notation: x <2, x ¢ R

P

Solve for x and show your answer on a number line, if: | ‘ interval notation: x ¢ (-3 4]
‘X e (=3;
interval notation: {(—00;2)

2. -12<4-2x<6and x e NQ
SOLUTIONS —_— -
i EXERCISE 15
1. -16-2<2-2-6x<32-2
5 =18 <-6x<30and +18 > + 6x > 30 Represent each of the number lines below in both interval notation and in inequality
S 3>x2-5 notation.
So-5<x<3 P — e :{f\ ,7\
-1 0 1 2 3
-5 3 VA S — 4 ! '_,-¢ >
B 0 1 2 3 4
2. -12-4<4-4-2x<6-4
Bl 1 4l Loss
S-16<-2x<2and +16 >+ 2x > -2 T o 5 4
S8>x2-1 )
S-lsx<8andxe(0;1;2;...;7) 1 e L 4 ; Ls
-2 -1 0 1 2 3 4
<L [ | | A 4 i L ! I L LS - H , | |
2 -1 0 1 2 3 4 5 6 7 8 9 P € On —l I L
32 a1 0 2 3 4 5 6
6. &=l ! I ! ot | |
= >
S 4 3 2 4 0 1
EXERCISE 14
7. €L 4 Y | ! | i 1)
In each of the inequalities below, solve for x and show the solution on a number line. —4 -3 -2 -1 0 1 2 3 4
1. -15<4x+1<1land xeR B O e L
2. -15<1-4x<5andxeR -2 A 0 1 2 3 g
3.5<2x+3<17andxe R 9.
4. -5<2x-3<1landxc?
5. -12<3-3x<6andxeN
1 _x-1_1
6. —2<TS1—2—andXeZ
7.-252-4x<6andxc R  — e
8.0<¥+1<3andxeR | ) KEY CONCEPTS |
1.x 1 1
9. Zsﬁ+§< lgand){ez

| Interval notation can only be used
] numbers,

| Non-included values:
f <or > in inequality notation
| O onanumber line

(or) in interval notation
5<x<4,xeR.. xe(-54] J'
Andx22,xecR.. x e (2;00) B

Infinity signs (oo and —00) always have round brackets because |
endpoints are always excluded.
| Included values:;

| £ or 2 in inequality notation I
[ ® on a number line
| [ or ] in interval notation I

if you are working with real (

Interval notation is a very useful way to write the solution of an inequality, but can
only be used if you are working with real numbers.
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EXERCISE 16

1. For each of the questions below:

Solve for x and show your answer on a number line,
Where possible, state the solution in interval notation.
a) 2x-5 <3(x-2)andxe¢R

b) -24<3(x-4)<6andxcR

©) 2(3-2x)+3>3(2x~5) - 2x and x « N

d) -1 <%(X—2)s3andxez

4_5
e) ‘3§5§X+%S lgandXeR

- Represent the number lines below in both interval not
notation.

a) G——-‘M
-2

ation and inequality

. Given <

. Given r = 4%,

B levision

. Solve for x.

a) 5x2=x
b) 4x(2x -5)=28
c) 12=x(11-2x)
d) %(3x+5)—%(5x—2)=6
e) 5xZ+30x =80

xXx-2) 1x _ 1x
h—%—-3=1-7
g) ax-bx=b*-a’(a +b)
h) d?+dx=h2+hx(d+h)
p lol_1

X"w Vv
) X% -1)-4x*-1)=0

. Given3-4x>2x+5andxeR.

a) Solve for x.
b) Show your answer on a number line.
¢) Write the solution in interval notation.

. Given 3(2x-4)-x22(x~-5)-17and x € Z.

a) Solve for x.
b) Ilustrate your solution on a number line.
¢) Explain why you can’t write this solution in interval notation.

3 _x+1

< % and x e R.

a) Solve for x.

b) Show your answer on a number line.

c) Write the solution in interval notation.

. Given 2y + 3x =- 6 and 4y - 3x = 24.

a) Draw the graphs of the equations on the same system of axes.

Write down the coordinates of the point of intersection of these graphs.

b) Solve simultaneously for x and y (using algebraic methods) and
show your calculations.

- Two natural numbers have a difference of 13. The sum of their squares

is 265. What are the two numbers?

v
nth

a) Make h the subject of the formula.
b) Solve for h, if V=400 and r = 5 (correct to 2 decimal places).

- The volume of a sphere is given by V = %nr3. Determine:

a) r(in terms of V and n)

b) the length of the radius (correct to 2 decimal places), if the volume
of the sphere is 152 895 cm3.

©)
4
4)
)
&)
(6
©)
&)
4)
(6)

©)
2
@)

4)
(6)
@D

(4)
@)
)

©)

(6)

(6)

3
@)

3)

2




13.

14.

15.

. Solve for x:

a) 8x3=27
b) 3 x2%¥-1=24
€) 5 x 9*=405

d) 3*-12x3*+27=0

2
Consider t ation =X—+4X;21-.
onsider the equation k ¥ —ox+18

a) For which value(s) of x is k undefined?
b) Solve for x, if k = 0.

. Complete the following.

a) Solve for k, if k% - 10k + 16 = 0.
b) Hence solve for x, if 4*— 10 x 2% + 16 = 0.

- Two numbers have a sum of 20 and a product of 64.

What are the two numbers?

The sum of the squares of two consecutive odd numbers is 1 154.
What are the two numbers?

Towns A and B are 540 km apart. Poloko left Town A at 7:00 and
travelled towards Town B. Thomas left Town B at 8:00 and travelled
towards Town A. Poloko and Thomas passed each other 300 km from
Town A. Thomas travelled 20 km/h faster than Poloko. At what time
did they meet?

An aeroplane can carry 40 passengers in total. First class passengers
are allowed 25 kg of luggage. Economy class passengers are allowed
20 kg of luggage. The maximum combined weight for the luggage

of all the passengers is 920 kg. What is the maximum number of first
class passengers that the aeroplane can carry?

@
3)
3)
4)

3)
©3)

©3)
)

®)

®)

(6)




